In the paper, the authors establish an inequality involving the gamma and digamma functions and apply it to prove the negativity and monotonicity of a function involving the gamma and digamma functions.
Introduction
It is common knowledge that the classical Euler gamma function Γ(x) may be defined for x > by
The logarithmic derivative of Γ(x), denoted by
is called the psi or digamma function, and the ψ (k) (x) for k ∈ ℕ are called the polygamma functions. It is well known that these functions are fundamental and that they have much extensive applications in mathematical sciences. The aim of this paper is to establish an inequality involving the gamma and digamma functions. The result is stated as the following theorem. Theorem 1.1. For t ∈ ( , ∞), we have
(1.1)
As applications of Theorem 1.1, the following negativity and monotonicity are obtained. 
for t ∈ ( , ∞).
Remark 1.4. The negativity of the function (1.2) is equivalent to
Lemmas
In order to prove our main results, the following lemmas are needed. 
is valid for positive numbers a and b with a ̸ = b, where
stands for the logarithmic mean. 
is the generalized logarithmic mean of order p ∈ ℝ for positive numbers a and b with a ̸ = b,
Lemma 2.4. For x ∈ ( , ∞) and k ∈ ℕ, we have
and
Proof. In [6, Theorem 1], the following necessary and sufficient conditions are obtained: For real numbers α ̸ = and β, the function
is logarithmically completely monotonic if and only if either α > and β ≥ or α < and β ≤ . Further considering the fact in [1, p. 98 ] that a completely monotonic function which is non-identically zero cannot vanish at any point on ( , ∞) gives 
(2.8)
Remark 2.7. It is noted that the left-hand side of the double inequality (2.4) for i = and p = − is just inequality (2.2). For more information about inequalities (2.2) and (2.4), we refer to [11, 12, 16-18, 20, 21] and related references therein. 
holds on ( , ∞). In [5, Theorem 1], it was also shown that the scalars and e −γ = . . . . in (2.9) are the best possible. It is obvious that inequality (2.9) refines and sharpens (2.5).
Remark 2.9. In [7] , inequality (2.6) was refined and sharpened.
Proofs of theorems
Now we are in a position to prove our theorems.
Proof of Theorem 1.1. It is clear that
so the required inequality (1.1) can be rewritten as
Using the equality ψ(x + ) = ψ(x) + x for x > , it is easily seen that inequality (2.1) is equivalent to
From (3.1), it follows that
Since q ὔ (t) = ( t− ) t+ , the function q(t) is increasing for t > . By q( ) = .
. . . > , it is easy to see that inequality (1.1) holds for t ≥ = .
. . . . Letting a = t and b = t + t in (2.2) and (2.3) gives ln
.
Since inequality (1.1) can be rearranged as
for t > , it is sufficient to show that
holds on ( , ). Taking s = t ( + t) ln( + t) , i = and p = − in the left-hand side of inequality (2.4) leads to
Combining this with (3.2) reveals that it suffices to prove
for t ∈ ( , ).
The right-hand side of the double inequality (2.6) for k = results in
Then, in order to prove (3.3), it is enough to show
for t ∈ ( , ). Inequality (2.7) can be rewritten as
Therefore, to verify (3.4), it is sufficient to prove
for t ∈ ( , ), which can be simplified as
Since q(t) is increasing on ( , ∞) with q( ) = − and q( ) = , the function q(t) has a unique zero t ∈ ( , ). From q( ) = − , we can locate more accurately that t ∈ ( , ). When < t ≤ t , the function q(t) is nonpositive, so inequality (3.6) is clearly valid. When t ≥ t , the function q(t) is non-negative, so squaring both sides of (3.6) and simplifying gives
It is clear that the function h ( ) (t) is increasing with lim t→∞ h ( ) (t) = ∞ and h ( ) ( ) = − , so the function h ( ) (t) has a unique zero which is the unique minimum point of the function h ὔὔ (t). Since h ὔὔ ( ) = − and lim t→∞ h ὔὔ (t) = ∞, the function h ὔὔ (t) has a unique zero which is the unique minimum point of the function h ὔ (t). From h ὔ ( ) = − and lim t→∞ h ὔ (t) = ∞, we conclude that the function h ὔ (t) has a unique zero which is the unique minimum point of the function h(t) on ( , ∞). Due to h( ) = , h( ) = − , h( ) = − and lim t→∞ h(t) = ∞, it is not difficult to see that the function h(t) < on ( , ). As a result, inequalities (3.6), and so (3.5), holds on ( , ). The proof of Theorem 1.1 is complete. and inequality (1.1), it follows that the function q(− (y+ ) + y , y) is negative for y ∈ (− , − ), and so the function q(x, y) is negative for x ∈ [− (y+ ) + y , ∞) and y ∈ (− , − ). The proof of Theorem 1.2 is complete.
Remark 3.1. This paper is a slightly revised version of the preprint [15] and a part of the preprint [14] . Another part was formally published in [22] .
